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 Problem 1: Adequate modeling of the wave dissipation in the focal region

- The currently adopted GO model predicts unphysical infinite power absorption.

- Beam tracing is not an option, the beam profile must be actually calculated.

- The existing general quasioptical theories are controversial.
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 Problem 2: accounting for the O-X mode conversion at the plasma edge

- A single-mode (O-mode) operation is desired in the plasma core.

- A strong magnetic shear couples the O mode to the X mode at the edge.

- Need to find conditions at which the wave reaches the core as a pure O mode.

- So far, only 1D full-wave simulations have been available.

Kubo et al, AIP Conf. Proc. 1689, 090006 (2015); Tsujimura et al, Nucl. Fusion 55, 129019 (2015); Notake et al, PPCF 47, 531 (2005)...
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NIFS’s rationale for the collaboration: the mentioned problems might be solvable using

extended geometrical optics (XGO) that we recently developed.:


 Introduction

- GO and XGO for nondissipative waves

- A new ray-tracing code with adiabatic XGO corrections


 New results:

0. A general 2nd-order reduction for dispersion operators of coupled waves

1. A quasioptical equation for beams with mode conversion (being coded at NIFS)

2. An analytical theory of the O-X mode conversion in edge plasma
Dodin, Ruiz, and Kubo, arXiv:1709.02841

:D. E. Ruiz, Geometric theory of waves and its applications to plasma physics, PhD thesis (Princeton University, 2017).
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 Assuming Hermitian ε̂, the wave equation has a variational form δS � 0. The
action S can be represented as an asymptotic power expansion in the GO parameter.

D̂E � 0, D̂ � c2ω̂�2
�
k̂k̂� 1pk̂ � k̂q�� ε̂pt,x, ω̂, k̂q, ω̂ � iBt, k̂ � �i∇

S � 1
8π

³
ED̂E dt d3x � S0 � εS1 � ε2S2 � ..., ε � λ{L


 The zeroth-order truncation gives geometrical optics:

Srθ, Is � � ³rBtθ � ω0pt,x,∇θqs I dt d3x


 “Point-particle” limit: I � hδpx�Xptqq, K � ∇θpt,Xptqq

SrX,Ks � ³rphKq � 9X� hω0pt,X,Kqs dt

9X � BKω0pt,X,Kq, 9K � �BXω0pt,X,Kq
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 The first-order corrections are not diffraction but corrections to GO:

S � � ³ �Btθ � ωpt,x,∇θq � ia:pBt �V �∇qa� a:Upt,x,∇θqa�I dt d3x


 The point-particle limit gives modified ray equations and amplitude equations:

SrX,K,Z,Z:s � h ³ �K � 9X� ωpt,X,Kq � i
2 pZ: 9Z � 9Z:Zq � Z:Upt,X,KqZ� dt

δX : 9X � BKω �Z:pBKUqZloooooomoooooon
Opεq correction

δK : 9K � �BXω �Z:pBXUqZloooooomoooooon
“Stern-Gerlach”

,

δZ: : i 9Z � �UZlooooomooooon
mode conversion

Ruiz, PhD thesis (2017); Ruiz and Dodin, Phys. Plasmas 24, 055704 (2017); Phys. Rev. A 92, 043805 (2015); Phys. Lett. A 379, 2337 (2015).
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 Simulations were performed using a MATLAB-based ray-tracing code that replaces
the earlier prototype by Daniel Ruiz. The code is based on the following theory:

- In GO, the zero eigenvalue of the local dispersion matrix serves as a Hamiltonian:

D̂ψ � 0 ñ det DpXµ,Kµq � 0 ñ D0pXµ,Kµq � 0

det DpXµ,Kµq �
¹
q

DqpXµ,Kµq � D0pXµ,Kµqloooooomoooooon
zero eigenvalue

CpXµ,Kµqlooooomooooon
nonzero factor

- In adiabatic XGO (Z � const), Z:UZ serves as a correction to this Hamiltonian.

D � D0� BD0

BKα

�
Ξ: BΞ
BXα



A

� BD0

BXα

�
Ξ: BΞ
BKα



A

�
�� BΞ:

BKα



pD�D01q

� BΞ
BXα


�
A

dXµ

dτ
� BDpXµ,Kµq

BKµ
,

dKµ

dτ
� �BDpX

µ,Kµq
BXµ

Ruiz and Dodin, Phys. Plasmas 24, 055704 (2017).
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 The new code accounts for ions, has a modular structure, six solvers for
benchmarking, and two representations of D in laboratory coordinates:

- Assuming the wave equation in the form D̂E � 0, one can use

D � c2

ω2
pkk � k2

1q � 1 �
¸
s

�
�ω

2
p,s

ω2
1 � ω

2
p,spα � Ωsq
ωpω2 � Ω2

sq
� ω

2
p,s

ω2

pα � Ωsq2
ω2 � Ω2

s

�

αx �

�
�

0 0 0
0 0 �i
0 i 0

�

, αy �

�
�

0 0 i
0 0 0

�i 0 0

�

, αz �

�
�

0 �i 0
i 0 0
0 0 0

�



- Alternatively, one can use piBt�Ĥqψ � 0, where ψ � pv1

?
4πn1m1, ...; E,BqT.

Btvs � pes{msqE � vs � Ωs{c, BtE � �4πen0,svs � c∇ � B, BtB � �c∇ � E

H �

�
�������

ω �α �Ω1pxq 0 . . . 0 �iωp,1pxq 0
0 ω �α �Ω2pxq . . . 0 �iωp,2pxq 0
... ... . . . ... ... ...
0 0 . . . ω �α �ΩN pxq �iωp,N pxq 0

iωp,1pxq iωp,2pxq . . . iωp,N pxq ω �icα � k
0 0 . . . 0 icα � k ω

�
������
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 For an oscillating field ψ � Re peiθΨq, one can introduce an envelope operator:

D̂ψ � 0 ñ D̂Ψ � 0, D̂ � e�iθpxqD̂ eiθpxq


 D̂ � D̂px,�iBxq can be mapped to a function, approximated using ε � λ{L as a
small parameter, and then mapped backed to the operator space.


 A suitable mapping is the Wigner-Weyl transform:

W : Â ÞÑ Apx, pq � ³ xx � s{2|Â|x � s{2y e�ip�s d4s

W�1 : A ÞÑ Â � ³ |x � s{2yApx, pq e�ip�x xx � s{2| d4x d4p d4s
p2πq4

fpx̂q Ø fpxq, fpp̂q Ø fppq, 1
2 rfpx̂qp̂ � p̂fpx̂qs Ø fpxqp

ŴE � EE: ÞÑ WE

D̂ � Dpx, Bxθqloooomoooon
Opε0q

� 1
2 rp�iBαq � Vα � Vα � p�iBαqsloooooooooooooooooooomoooooooooooooooooooon

Opε1q

� 1
2 p�iBαq � ϑαβ � p�iBβq � 1

8 pB2
αβϑ

αβq � ...looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
Opε2q

kpxq � Bxθpxq, Vαpxq � rBDpx, pq{Bpαsp�kpxq, ϑ
αβpxq � rB2

Dpx, pq{BpαBpβsp�kpxq
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0 � D̂Ψ � rDpx,kpxqq � εD̂
p1q � ε2D̂

p2q � ... sΨ

 Let us represent the field in the basis of Dpx,kpxqq’s eigenvectors ηq:

Ψ � °N
q�1 ηqaq �

°Nc
q�N�1 ηqāq

aq � Opε0q – “active” modes

āq � Opε1q – “passive” modes


 Active modes are excited externally or through
mode-conversion. Passive modes are adiabatic.


 By projecting the wave equation on the active- and passive-mode subspaces, one
can obtain a reduced equation that contains active modes only:

D̂aaa � D̂aāā � 0

D̂āaa � D̂āāloomoon
Op1q

ā � 0 ñ ā � �D̂�1

āāD̂āaa ñ
�
D̂aaloomoon
Opεq

� D̂aāloomoon
Opεq

D̂
�1

āāloomoon
Op1q

D̂āaloomoon
Opεq

�
a � 0

The contribution of passive modes is Opε2q, so it cannot be neglected.
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�
Dloomoon
Op1q

� iV �∇� i
2 p∇ �Vq � iΓ�Ulooooooooooooooooooomooooooooooooooooooon
Opεq

�Ξ:∆̂Ξ�Ξ:Λ̂Ξ̄D̄
�1

Ξ̄
:
Λ̂Ξlooooooooooooooooomooooooooooooooooon

Opε2q

�
a � 0

D � Ξ
:
DHΞ � diagtλ1 . . . λNu, Ξ � pη1 ...ηNq

D̄ � Ξ̄
:
DHΞ̄ � diagtλN�1 . . . λNcu, Ξ̄ � pηN�1 ...ηNcq

V � BkD � rV, rV � iΞ:pBkDAqΞ � pBkΞ
:qDHΞ � Ξ

:
DHpBkΞq � Opεq

Γ � Ξ:DAΞ, U � i
2

�
Ξ:VαpBαΞq � pBαΞ:qVαΞ

�
∆̂ � 1

2 p�iBαq � ϑαβpx, kpxqq � p�iBβq � 1
8 B2

αβϑ
αβpx, kpxqq

Λ̂ � 1
2 rp�iBαq � Vαpx, kpxqq � Vαpx, kpxqq � p�iBαqs � iDApx, kpxqq


 Method: (i) use ray tracing with Hamiltonian TrDpx, kq to find kpxq that
eliminates Op1q; (ii) calculate the remaining matrices and solve for apxq.


 The density of power absorption can be calculated using Pabs � pω{8πq a:Γa.
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 Consider ray-based coordinates with ξ along rays and ρ perpendicular to rays. If
Bξ ! Bρ, then OpB2

ξq is negligible. Denote Ē � N�1TrD and rE � D� Ē1. Then,�
1
BĒ
Bkξ

B
Bξ � δVµ B

Bρµ �
i

2

B
Bρµ Φ

µν B
Bρν �

1

2
p∇ � Vq � Γ � iprE � Uq

�
a � 0

δV
µ �

�rVα � BrE
Bkα


Bρµ
Bxα, Φ

µν � Bρµ
Bxα Ξ

:�
ϑ
αβ � 2Vα

Ξ̄D̄
�1

Ξ̄
:Vβ�

Ξ
Bρν
Bxβ


 Proposed method for modeling O-X coupling on LHD:
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 If, at the edge, one can adopt constant k � pω{cqek and neglect both diffraction
and dissipation, then the O-X mode conversion is tractable analytically.�

D� iV �∇� pi{2q p∇ �Vq �U
�
a � 0

- Assuming the wave equation in the form D̂E � 0, one can use

Dpx,pq � pc{ωq2ppp: � p2
13q � 13loooooooooooooomoooooooooooooon

D0ppq

� χpxqloomoon
perturbation

- Approximate eigenvalues of D (cf. the quantum formula ∆Eq � xψq|H1|ψqy):

Dq � D0ppq � pη:qχηqqpx,pq, D0 � 1 � ppc{ωq2, V � p�2k{k2q1

D �
�
D1 0

0 D2



, U � �2i

�
η:

1 � η1
1 η:

1 � η1
2

�pη:
1 � η1

2q� η:
2 � η1

2

�
, a �

�
a1

a2




Dodin, Ruiz, and Kubo, arXiv:1709.02841.
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 Polarization in the vacuum limit [ϑ � =pk,B0q, g1,2 � u�1 	 psgnuq?1 � u�2]:

η1 �
1b

1 � g2
1

�� � cosϑ

ig1

sinϑ

�
, η2 � � i sgnub
1 � g2

2

�� � cosϑ

ig2

sinϑ

�


 The equation for a is similar to that governing a two-level quantum system:

ia1 � Ha

a �
�
a1

a2



, H �

�
ε3 � ρ{2 ε1 � iε2
ε1 � iε2 �ε3 � ρ{2



�
� �α �iβ
iβ� α




ε1 � � u1

2p1 � u2q �
δ1

2
, ε2 �

ζ?
1 � u2

� ζ cos δ, ε3 � � ζu?
1 � u2

� ζ sin δ

u � 2ωpek � bq
Ωpek � bq2, ζ � pek � bq � b1

pek � bq2 , ρ � 2|Ω|ω2
p

ωpω2 � Ω2q

d
pek � bq2 �

Ω2

4ω2
pb � ekq4

Dodin, Ruiz, and Kubo, arXiv:1709.02841.
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 In the right variables, ia1 � Ha is parametrized by just one real function, s:

q1,2 � a1,2e
	iγ{2, γ � argβ, s � pα{|β|q � 9γ{2, τ � ³ |β| dl

i
d

dτ

�
q1

q2



�
� �s �i

i s


�
q1

q2




:q1 �
�
1 � s2 � i 9s

�
q1 � 0


 Similar equations emerge also in other mode-conversion theories, but in those
works, spτq is usually approximated by a linear function under the assumption that
the resonance region is localized (Landau–Zener paradigm) ñ Weber equation.

Mode conversion in edge plasma is qualitatively different from the standard
Landau-Zener problem because, at the edge, s is strongly nonlinear.

Dodin, Ruiz, and Kubo, arXiv:1709.02841; cf. Tracy et al, Ray Tracing and Beyond (2014).
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 The 2D equation for complex a can be written as a 3D equation for a real “spin”:

H � 1
2 σµB

µ, B � pε1, ε2, ε3 � ρ{2qT, Sµ � a:σµa

ia1 � Ha ñ S1 � B � S


 If B is slow, the precession plane remains normal to B. In dense plasma, B Ñ ezBz,
so having a pure mode (S ‖ ez) implies S ‖B. This is ensured by using S0 ‖B0.


 For ϑ � π{2, this means S0 ‖ ey, so circular polarization is needed in vacuum.

Dodin, Ruiz, and Kubo, arXiv:1709.02841.
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:q1 � p1 � s2 � i 9sqloooooomoooooon
Q

q1 � 0

d

dτ

�
2π?
Q



! 1, i.e., 9s ! 1

a1pτq � 1

rQpτqs1{4
�
C�e

iφpτ q � C� e
�iφpτ q

�

Reφ � �
» τ

0

a
1 � s2pτ̃q dτ̃

Imφ � �1

2
ln
�
|s| �

a
1 � s2

	

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Τ

 a ç
,´

HΤ
L¤2

HaL

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Τ

 a ç
,´

HΤ
L¤2

HbL

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Τ

 a ç
,´

HΤ
L¤2

HcL

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Τ

 a ç
,´

HΤ
L¤2

HdL

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Τ

 a ç
,´

HΤ
L¤2

HeL

Dodin, Ruiz, and Kubo, arXiv:1709.02841.
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 Background [Daniel Ruiz’s PhD thesis (2017)]:

- GO corresponds to the 0th-order expansion of the action in ε � λ{L.

- Extended geometrical optics (XGO) is the 1st-order theory. It captures mode
conversion and the polarization-driven modification of the ray trajectories.


 New applications/extensions of XGO motivated by a collaboration with NIFS:

- The second-order theory (XXGO) has been developed that captures diffraction.

- Based on that, a quasioptical model of wave-beam propagation has been
proposed for weakly inhomogeneous media. A numerical implementation is now
being developed for modeling ECH on LHD at NIFS.

- In parallel, the problem of O-X mode conversion at the plasma edge has been
solved analytically. It does not fit into the standard Landau-Zener paradigm.
Nevertheless, it has been made tractable by using the analogy between the
coupled-mode dynamics and the spin precession of a spin-1{2 particle.
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